I PUC - MATHEMATICS
CHAPTER - 08

Binomial Theorem

Two Marks Questions

2

5
1. Expand (x + ZLJ using binomial theorem and hence find the coefficient of X

y y’

4
2. Expand (2 - x] using binomial theorem. Hence find the constant term of the
X

expansion.

Simplify (V3 +1)° + (3 -1)°

Simplify (v/5 +1)* + (/5 1)

Using binomial theorem, evaluate 97)°

Using binomial theorem evaluate (0.99)6 correct to four decimal places.
Using binomial theorem evaluate (10.2)4

Nk W

P 11
8. Find the 7™ term in the expansion of (2% - ;J
X

20
9. Find the 12" term in the expansion of (z - xj
y

10
10. Find the coefficient of x* in the expansion of ( \/% + 21}
X

3 8
11. Find the coefficient of b—s in the expansion of (g + 3bj
a a
12. Find the ratio of the coefficient of x® to the coefficient of x*in the expansion of (1_X2)1o_

6
13. If the fourth term in the expansion of (ax + —j 18 E , evaluate ‘a’
X

20
14. Find the middle term in the expansion of (xz + éj .

X
b 12

15. Find the middle term in the expansion of (% ——j
Yy

3 10
16. Find the middle term in the expansion of (Za - %j

> 10
17. Find the term independent of ‘X’ in the expansion of (% - 3%}
X

15
18. Find the constant term in the expansion of (% —Jx j
X



30
19. Show that there is no term independent of x in the expansion of (5)(\/_ - i]

Ix

3
X

21. Prove that the coefficients of x™ and x" are equal in the expansion of (1+x)
‘m’ and ‘n’ are positive integers.

15
. . . . . 1
20. Prove that there is no term involving x” in the expansion of (x“ - —]

™ where

5 mark questions:

1. The 3™, 4™ and 5™ terms in the expansion of (x+a)" are respectively 84, 280 and 560.
Find the values of x, a and n.

2. Using binomial theorem prove that 3** — 8n — 9 is divisible by 8 where ‘n’ is a positive
integer.

3. The coefficients of three consecutive terms in the expansion of (1+x)" are in the ratio
1:7:42 find ‘n’.

9
4. Find the middle terms in the expansion of (23 + %) .
X
5. Find the coefficient of X’ in (1+x+ x* + x5)6. .
6. Find the coefficient of x'? in the expansion of (1+x+x2) (1- x)ls.
7. Show that the coefficients of x° in the expansion of (1+x2)5 (1+x)4 is 60.
8. Given that the coefficients of (2m +1)th and (m+2)th terms in the expansion of (1+x)43

are equal, find ‘m’

15
9. Find the term independent of x in the expansion of (1 — 2x + x°) (x - l)
X



Solutions
Binomial Theorem

Solution for two marks questions.

5 2 3 4 5
1. x+i =x>+°C; x* 1 +C,x° L +5C3x2i +7C, x i +i
2y 2y 2y 2y 2y 2y
s S5xt o104 10x7 5x 1
=x’+ At
2y 4y 8y 16y" 32y
s S5x* s5x’ s5x? 5x 1
=X+ + 3 + 3 + 7] + S
2y  2y" 4y’ 16y" 32y

2
.. The coefficient of x_3 is —.
y

4 4 3 2
2. (g—x] = (3] +* cl(gj (—x)+* Cz(—] (—x)* +* C{gj(—xf +(-x)*
X X X X

= 16 (i)+ 16 (xz)—g(x)3 +x*
X

\S)

=

)
:¥—¥+24—8x2+x4
X X

The constant term of the expansion = T3 = 16.

3. Consider
(341 = (B3] +° €, (3)° +9Ca(V3)* + °C3(V3)° +°Cu(/3)* +°Cs(\3)+ 1
(V3+1)° =33 +6(9+/3) +15(9) +20 3/3) +153) +6+/3 + 1
(V3-1)°=33-54/3 +135-60 /3 +45-6+/3 +1

(V3+D° +(3-1° =2(3%) +2(135) + 2(45) + 2
=2 [27 + 135 + 45 + 1]
= 2[208]
= 416
4. Consider

5+ = (V5) +4 C,(¥5)" +*Ca(¥/5)*+ “Cs(Vf5)+ 1
=25 +4(545) +6 (5) +4+/5 + 1
(V5+1)* =25+2045 +30+4 45 +1
(J5-1* =25-20/5 +30-4+/5 +1
(V5 +1)" - (V5=1)* =2[20+/5 +4 /5]
=2{244/5]
=485




. (97’ =(100-3)° =
= (100)° — 5C; (100)*(3) + 5C2(100)*(3)* = 5C5(100)* (3)* + 5C4(100)(3)*-(3)
= 10000000000 — 5(100 00 00 00) (3) + 10(100 00 00)(9)
-10(10000) (27) + 5(100) (81) — 243
= 8587340257

. (0996 =(1-0.01)6

=1-6C(0.01) + 6C2(0.01)* — 6C3(0.01)* + 6C4(0.01)* — 6C5(0.01)° + (0.01)°
=1-0.06 + 15(0.0001) — 20(0.000001)+...... (neglecting higher powers of 0.01)
=0.9415

. (102)*=(10+0.2)*

= 10* + 4C,(10)° (0.2) + 4C5(10)% (0.2)* + 4C5(10)(0.2)°+ + (0.2)*
= 10000 + 4(1000)(0.2) + 6(100) (0.04) +4(10)(0.008) + (0.0016)
=10824.3216

11
. The general term in the expansion of [% x’ - ij is

2x
2 11-r _3 r
T =C, | =42 -
+ (3 2x

5 6
Putr=6, Tey = 'Ce @xzj (_3j

2x

g, (§x4] [ g2 ey = IXIOXOX8XT o
2 S5X4x3x2x1

> (1)




10—r_

If r=2

= 10-3r=4
>r=2

10><19:45]

Substituting r = 2 in (1) ['%c, =

3% x?
3*.2°
_ 45x° _sz
C9x4 4

T; = °C,

. coefficient of x is %

8-r
. General term = Ty = °C; (zj (3b)’
a
28—r

T
8—r
a

Tee1 =°C 37 (b)

_ 8XT7x6 _ 6

By data, the power of b must be 3. [8C3 =
3x2x1

s forr=3

_38 2’ 3,713
T3 ="Cs =37 (b)
a

b3
=(56) (32) (27) e
3
T, =48384 2.
a

3

.. coefficient of b—s is 48384
a

o Ter = 0D (X
— IOCr (_X2)r
Clearly coefficient of x%is 10C4 and the coefficient of x* is IOC;

10x9x8x7
10C,  \ 4x3x2x1

.. the required ratio

10C, 10x9
(ZXIJ

_8x7 14

T 4x3 3

- theratiois 14 : 3

. T = °C; (ax)®" (1]

X
Puttingr=3



1
T3+1 = 6C3 a3 X3 (—3j
X

. Ty=202°

Given Ty = é
2

20.?13=é -)213=l
2 8
= a=

8. T =2C ()" (Ej
X

Since n = 20 there are 21 terms in the expansion.
T} 1s the middle term.
Putting r = 10, we get

20 5 o010 3 0
T ="Cio (X ) .

310

10

N | =

20 20
= Cl() X .

X
T = 20C10 .31 x1% is the middle term.

12—-r r
9. Tr+l B lzcr (lj (_ éj
b y

n=2 .. There are 13 terms in the expansion
T5 is the middle term.
Putting r = 6 we get

6 b 6
s
b y

6 6
T, = "Cq y—6 X b—6

b> 'y
T, = "2Cs = 924 is the middle term

— 3 !
10. Tpyy = °C, (22)107 (Taj

n=10 .. the middletermis 7, =T6

o
3 5
putting r =35, Tsy; = 10C5 (221)10'5 (Taj

15
T6 = 10C5 2535 (— Cé—sj

_(252)(2°)a”
25 %x3°

5C, 6><5><4:
3x2x1

20]



= @azo is the middle term
243

) 10-r 1 r
10, X
11 Tr+1 - Cr (7} (— gj

10 x2072r (_l)r
- T 210—r 3r x3r
(=D" s

2107r3r X

Equating the power of x to zero.
20-5r=0
2>r=4

From equation (1)

10
T ="C4

10
Tr+1 = Cr

2034

Ts = 3—5 is the constant term
864

15-r
2 r
12. Tenr = °C; (—j (=)
X

15-r r
— lSCr 2—(_1)rx2

30-2
X r

L 30+2r

Tr+1 - ISCr(_l)r 215—r xz

For constant term, %— 30+2r=0

Solving we getr =12

o Tiog = PCra(-1'"? 2°
=455%8
T3 = 3640 is the constant term .

2 r
13. Tyt = 2°C, (5x4/x) " (——
Vx

= 0, 530 (x%jgo_r (=2)"

r

2

X
(3(304)_%
- 30Cr 530-1' (_2)1’ X 2 2
For the constant term, 20 ; 3 —% =0
= 90-3r-r=0
= 4r =90

> = % which is a fraction.

7

(14 g

_ 10x9x8%7

=210
4x3%x2x%1

15C12 = 15C3
_ 15x14x13
3x2x1

455



Since the value of r cannot be a fraction, there doesn’t exist constant term in the
expansion.

14. Tr+1 — ISCr (X4)15—r (_ i}j
X

= 150, X004 g
L
Tr+l — ISCr (_1)r X60—7r
Equating the power of x to 5,
60—-7r=5
Tr =155

R= % which is a fraction.

.. there doesn’t exist term containing X" in the expansion.
15. Tr+l — (m+n)Cr (1)m+n—r Xr
Tr+l — (m+n)Cr Xr
Coefficient of x™is ™VC,,
Coefficient of x" is ™" C,
But (m+n)Cm — (m+n)Cm+n—m
(m+n)Cm — (m+n)Cn

Hence proved.

Solutions for 5 marks questions
1. T ="C, X" a'
Given T = 84, T, = 280, Ts = 560
Now T = 84
> 'C, x"?a’=84
n-2 2
nn—-D(x)""a _ g4
2xl
> n(n-1)x"%a’=84x2=> (1)
T, =280
> "C; x"7 a’ =280
n(n—1)(n—2) Xn-3 a3 _

280
3x2x1
> n(n-1)(n-2)x">2a’=280x 6 (2)
Ts = 560

> °Cy x™a*=560
n(n—1)(n—2)(n-3) o
4x3x2x1
> n(n-1) (n-2) (n-3) x"*a*=560x 24 > (3)
3)

(2)
(n—3)a _ 560x24

>
X 280%x 6
> (n-3)a=8x=> @)

a* =560




[®)

D
> (n—2)a:280><6
by 84x2

» n-2)a=10x = 5)
)
(5)
n—3_i
n-2 5

» 5(n-3)=4(n-2)

> n=7
Puttingn =7 in (4) we get a=2x
Substitutingn =7 and a=2x1in (1), we get
Tx6xx2(2x)*=84x2
7 84x2

X =
Tx6x4
> X' =1
Lx=1
Sincea=2x > a=2
~x=1l,a=2,n=7

2. Consider (1 +8)"=1+"C; 8+"Co (8’ +"C38 + covvvvvvenenn.. +8"
> 9"=1+8n+"Cr (8> +"C58 + .eoiiii. +8"
> 9" 8n-9=-8+"C, (8’ +"C58 + .ervvrirrn. +8"
9" _8n—9=8[-1+"Co(8)+"C38 + .evverrernn.... + 8"
9"_8n-9=8K
Where K = -1 + 8(nCy) + 8% .nCz +.......... +8"2 is an integer.

- 9"~ 8n—9is divisible by 8. i.e. 3™ — 8n — 9 is divisible by 8
3. T ="C:x'
Let coefficients of T;.1, T;, Tr+1 be in the ratio 1 : 7 : 42

coeffof I,., 1 and coeff .ofT, _7

coeff of T, 7T coeff of T,,, 42

nCr—l_l ncr _l
"C, 7 "C, 6
> ! =l and r+1=l
n—-r+1 7 n—-r 6
» Tr=n-r+1and CH: k
"C, n-k+l1
6(r+1)=n-r

» 8r=n+land7r=n-6
Solving these equations we get
r=7,n=55
4. n=9 ..There are 10 terms in the expansion.
.. Ts and T are the middle terms .



57 (4xY
T =°C, | — = > 1
1 [2)«) (sj M

Putting r = 4 we get,

5 9-4 4 4
w8

55 44 x4
9
b= G e 5
8
Ts=126 x 5(52)
27 x
_ 5040
X

Putting x =5 in (1) we get,

57 (4xY
Ts="Cs | —| |—=

54 45 xS
9
To=Co ™
10

To=126% 2 X

27)(5)
T, o 5064

5

. 2040 and 80§4x are the middle terms.

X
[1+X+X4+X5]6
=[1+x+x*(1+x)]°
=1+x°0+xH°
=[1+6C; X+ 6Co X2+ eevvrnnnn... + X1 [146C; x* +6Co xM? oooon +xM0 ]
. coefficient of x’
= 6C; X 6C;
=120
L A+x+x3) 0= =T +x+x)(1-x) 1-x)"
=(1-x)(1-x)"
=(1-x)A-1C x+MCox* e +x'%

. The coefficient of x'°= 14C10 - 14C7

— 14C4 _ 14C7
=1001 — 3432
=-2431
1+ A +x)?
=[1+5C; x*+5C (X +evveennnn . +(x5°] [144C; x +4C, x> +....4xY]
Coefficient of x° = 5C, X 4C; + 5C; X 4C;
=10x4 + 5x4
=40 +20

=60
. Tr+1 = 43Cr X'

10



Putting r = 2m,
T2m+l = s C2m X2m
Forr=m+1
T = 2 Cisi Xm+1
Given coefficient of Tom.1 = coefficient of T
> 43CZm =% Csi
> 2m=m+1 or2m+m+1=43
» m=1 orm=14
9. Constant term

15 15
= [-2 x coefficient of x”! in (x - l} + [1 x coefficient of x in (x —lj =2 (1)
X X

15 .
General term of (x —lj is Ty =2 C xPT (Llj
x x

Tr+l — ISCr(_l)r X15—2r

If15-2r=-1 2>r=38

If15-2r=-3 =2>r=9

-.coefficient of x! is 15Cg

And coefficient of x> is -1 Co

-.from (1)

Constant term = [-2 X 15Cg] + [1 X (-15 Cy)]
= (-2 X 15C7x) + (-15Cy)
=-12870-5005 =-17875

sfeste st sl sfe ofe sfe sfe sfe sfesie she e sfe sfe sfe sfe sfe sfe e sfestesfe sfe sfe sfe sfe sfesfesfesiese e sl sfe sfe sfesfesfesieske sk sk
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